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A novel approach to predict the atomic densities of amorphous materials is explored on the
basis of Car-Parrinello molecular dynamics (CPMD) in density functional theory. Despite that
determination of the atomic density of matter is crucial in understanding its physical properties,
no such method has ever been proposed for amorphous materials until now. In our approach,
by assuming that the canonical distribution of amorphous materials is Gaussian distribution, we
generate multiple amorphous structures with several different volumes by CPMD simulations and
average the total energies at each volume. The density is then determined to be the one that
minimizes the averaged total energy. In this study, this approach is implemented for amorphous
silicon (a-Si) to demonstrate its validity, and we have determined the density of a-Si to be 4.1 %
lower and its bulk modulus to be 28 GPa smaller than those of the crystal, which are in good
agreement with experiments. We have also confirmed that generating samples through classical
molecular dynamics simulations produces a comparable result and validates our assumption. The
findings suggest that the presented method is applicable to other amorphous systems, including
those that lack experimental knowledge.
Determination of atomic structures is a prerequisite
of any investigation of physical properties of condensed
matter: Localization and delocalization of the electron
wavefunction which is controlled by an atomic arrange-
ment in a material are decisive in its physical properties.
The atomic density or the equilibrium volume of a mate-
rial is also a crucial quantity that controls the behavior
of its wavefunction. Theoretical calculations based on
the first principles of the quantum theory, e.g., density
functional theory (DFT) [1] with the Kohn-Sham scheme
[2], contribute to the determination of the atomic density
and the structure by minimizing the total energy of the
system with respect to the atomic arrangement under a
certain volume and then to the volumes. However, most
efforts in the past have focused on crystalline materials.
In amorphous materials, the determination of the atomic
density and the structure is an inseparable issue since no
one-to-one correspondence between the density and the
structure is ensured, and thus has been rejecting theoret-
ical approaches. In this letter, we propose an approach
based on Car-ParrinelloMolecular Dynamics (CPMD) [3]
in DFT to determine the density of amorphous materials
and confirm its validity for amorphous silicon (a-Si).
Amorphous materials, which lack the long-range struc-
tural order but preserve the short-range order, provide a
stage on which physics of disordered systems has been
developed [4–6]. From a technological viewpoint, a-Si
[7] and other amorphous materials, for instance, amor-
phous indium-gallium-zinc-oxide (a-IGZO) [8], are indis-
pensable as flexible and superior materials for thin-film
transistors. In metal-oxide-semiconductor devices, which
are ubiquitous in our life, insulating layers made up of
amorphous SiO2 assure transistor actions in almost all
electronic devices [9]. Even a phase transition between
the amorphous and the crystalline phases is utilized for
memory devices [10]. Not only semiconducting materials
but amorphous metal alloys are also expected wider use
for their mechanical strength and elasticity [11].
Difficulty in determining the density of an amorphous
material lies in a fact that the total energy of an amor-
phous material depends not only on its volume but also
on its atomic arrangement: Even when the volume is
fixed, each amorphous material has an entirely different
atomic arrangement and consequently a different total
energy. This uncertainty of the total energy raises a fun-
damental question how one can define the density of an
amorphous material.
Even though the total energies are not determined
uniquely at each density, it is expected that the total
energies of amorphous structures are distributed near a
certain value. We here make an assumption that at a
fixed volume or density, the canonical distribution of an
amorphous material forms a Gaussian distribution. Un-
der this assumption, whose validity will be discussed later
in this paper, the amorphous material achieves a one-to-
one correspondence between the density and the averaged
total energy. Then, one could determine the density of
the amorphous material to be the one that minimizes
the averaged energy. The estimation of the “true” av-
eraged energy is done by carefully generating multiple
amorphous samples.
In our approach, we generate amorphous samples by
performing first-principles molecular dynamics simula-
tions of which details are described below. We then com-
pute the total energy of each sample and compile the
computed data in terms of the volume of the samples.
Then, the actual procedure is as follows:
1. Generate K amorphous samples for each of the vol-
ume in a set {V1, V2, . . . , VM}, thus having K ×M
different samples in total.
22. Perform the DFT calculations to obtain total ener-
gies of all the samples.
3. Average the total energies of the samples at each
volume.
4. Find a possible volume at which the averaged total
energy achieves the minimum.
In this work, we monitor M = 6 volumes with K = 7
samples for each volume, leading to the 42 samples in
total.
In the approach above, the computational scheme to
prepare amorphous structures is essential to ensure the
reality of the obtained samples. There are several es-
tablished ways, both empirical [12–14] and non-empirical
[15], to generate amorphous samples. The non-empirical
scheme based on the quantum theory has a significant
advantage over the empirical scheme since it provides re-
liable interatomic forces based on the electronic-structure
theory, thus being capable of describing chemical rebond-
ing during the preparation of the amorphous structures.
We here adopt CPMD based on DFT to describe atomic
interactions.
Another important factor to ensure the validity of
the simulation is the way to generate amorphous struc-
tures. Suitability of the melting procedure is assured
by examining the atomic radial distribution in the liquid
phase. Quenching, on the other hand, should be per-
formed carefully. The CPMD simulations in the past to
prepare amorphous structures used too fast quenching
rates mainly due to the computational limitation [16],
and the prepared samples contained defects with unreal-
istically high concentration. This may cause severe arti-
facts in determining the density of amorphous materials.
We carefully do the quenching of the samples with the
rate of 20 K/ps, which is the slowest ever implemented
for a-Si.
All calculations have been performed using our Real-
Space-Density-Functional-Theory (RSDFT) code [17–
19], which employs the real-space scheme into the cal-
culation of Kohn-Sham equations [20]. Generalized gra-
dient approximation proposed by Perdew, Ernzerhof and
Burke (PBE) [21] is used for the exchange-correlation
functional. It is known that PBE overestimates the lat-
tice constant of crystalline silicon (c-Si) by around 1 %.
We have used a 3 × 3 × 3 supercell model containing
54 Si atoms in its unitcell. As for the initial structures
of CPMD simulations, we have prepared 6 c-Si systems
with different volumes. The volume of each system, V , is
normalized to the calculated volume of c-Si, Vc, obtained
by our PBE calculation. The ratio V/Vc takes 0.86, 0.91,
0.98, 1.03, 1.09, and 1.16, which is fixed throughout the
simulation.
In the real-space scheme, grid points are introduced
in the real space, and the wavefunction and the electron
density are expanded on the mesh in the real space. Mesh
spacing in the real-space grid is taken to be 0.48 A˚, cor-
responding to 40-Ryd cutoff energy in plane-wave-basis
calculation. Integration over the Brillouin zone has been
performed using the Γ-point. We have confirmed that
these calculational conditions are sufficient to reproduce
the experimental lattice constant of c-Si within less than
1% of the error. CPMD simulations have been done with
0.1 fs time step, and the temperature has been controlled
by velocity scaling.
The melt-quench simulations to generate amorphous
structures have been performed as follows. First, we have
heated each system from 500 K to 1800 K with the con-
stant heating rate 125 K/ps. Here, we have confirmed
that all the systems have become liquids at the final step
of heating. Subsequently, we have cooled the system with
the constant cooling rate 20 K/ps until the temperature
reaches 1000 K. Finally, a static DFT calculation has
been performed to relax the atomic configuration of the
final step of the simulation, obtaining the stable geome-
try and its total energy.
To check whether each obtained structure is valid, we
here examine the radial distribution J(r), which is de-
fined as
J(r) =
1
Ns
Ns∑
s=1

 1
ρN
∑
i6=j
δ(r − rsij)

 (1)
Here, Ns, N , ρ, and r
s
ij are the total number of the simu-
lation steps, the total number of atoms in the system, the
density, and the distance between atom i and j at step s,
respectively. Delta function in Eq. (1) is modified into a
form that is computationally treatable, namely,
δ(r) =


1
∆r
(
−
∆r
2
≤ r <
∆r
2
)
,
0 (other)
(2)
where ∆r is set to be a small number, 0.01 A˚. To obtain
J(r) of each sample, a CPMD simulation has been addi-
tionally performed for 2 ps at 300 K, starting from the
relaxed structure.
Figure 1 shows J(r) of one of the seven samples at
each volume along with an experimental one [22]. We
find that J(r) is insensitive to the variations in the vol-
ume and that every J(r) in the figure possesses following
features. The first sharp peak is located around the bond
length in c-Si, 2.37 A˚, which suggests the existence of the
short-range order in the structure. The subsequent peaks
are much broader than the first peak, and this implies
that the correlation of the atomic positions gets weaker
as the distance increases, which should completely vanish
at the long-distance limit. These observations are con-
sistent with the experimentally obtained J(r) [22]. Al-
though Figure 1 presents only one plot for each volume,
we have confirmed that all the other plots follow the same
characteristics. Thus, we can affirm that every sample is
well amorphized from the crystal.
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FIG. 1: (Color online.) Radial distribution J(r) of the
obtained samples and an experimental one [22]. One
sample has been chosen from at each volume ratio V/Vc.
The total energy of each obtained sample, Esamp, and
the averaged total energy at each volume, Eavg, are plot-
ted in Figure 2. We find that at each volume, Esamp is
distributed within the range 3.9 eV, with the small vari-
ance 1.6 eV (see Table-S I in Supplemental Material for
the energies of the samples, the average, and the vari-
ance at each volume [23]). This finding suggests that the
average Eavg is sufficiently meaningful for the evaluation
of V/Vc. To estimate the volume at which the structure
achieves the minimum energy, Murnaghan’s equation of
state has been fitted to Eavg. The fitted energy, Efit, is
drawn in Figure 2 as a red curve. From this fitting, we
obtain the stable volume ratio V0/Vc, where Efit achieves
its minimum Emin, and the bulk modulus B0. For com-
parison, we have additionally calculated the bulk modu-
lus of c-Si, B0c. These values are presented in Table I,
along with the experimental ones [24–27]. The remark-
able finding in Table I is not only that the determined
V0/Vc and B0 are comparable to the experimentally ob-
tained ones, but that they also follow the same trend of
the change from the crystal as in the experiment. As
shown in Table I, a-Si in the experiments has larger vol-
ume by 1.7 - 1.9 %, or lower density by 1.7 - 1.9 % [24],
and smaller B0 by 2 - 62 GPa [25, 26] than those of c-
Si. Similarly, a-Si in our calculations has larger volume
by 4.1 %, or lower density by 4.1 %, and smaller bulk
modulus by 28.32 GPa than those of c-Si. This finding
manifests that the proposed method produces physically
reasonable results and is, therefore, applicable to a-Si.
Besides, we have clarified the relationship between the
atomic density and the number of defects found in the
samples. In addition to the shape of J(r), defect concen-
tration is also an important property of a-Si because de-
fects contribute to the degradation of the carrier mobility
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FIG. 2: (Color online.) Calculated total energies of a-Si.
The total energy of each sample, Esamp, the averaged
total energy at each volume ratio, Eavg, and the fitted
energy, Efit, are represented by a blue dot, a green
cross, and a red curve, respectively. All the energies are
shifted so that the minimum of Efit, Emin, becomes zero.
TABLE I: Structural parameters obtained in our
calculations and experiment: The volume ratio of a-Si
at stable state, V0/Vc, the bulk modulus of a-Si, B0
[GPa], the bulk modulus of c-Si, B0c [GPa], and the
difference of the bulk modulus between the crystalline
and the amorphous phases, B0c −B0 [GPa].
This work Expt.
V0/Vc 1.042 1.017 - 1.019 [24]
B0 61.27 36 - 60 [25]; 86 - 95 [26]
B0c 89.59 97.6 [27]
B0c −B0 28.32 2 - 62
caused by dangling bonds and floating bonds, the latter
of which are the state that comprises a five-coordination
of silicon [28, 29]. Defects in a-Si can be classified into
the three distinct ones: three-fold (T3), five-fold (T5) and
anomalous four-fold (T4a) defects, whose bond angles are
heavily distorted from the tetrahedral bonds while main-
taining chemical bonds with the four neighboring atoms.
For realisticity, the defect densities in the computation-
ally generated structures are expected to be close to what
is found in the experiment ∼ 0.1 % [30], which indicates
that the number of defects in our 54-atom system should
be close to 0 or 1 per supercell. The numbers of the
three kinds of defects found in our samples are presented
in Figure 3 (see Table-S II in Supplemental Material for
the specific numbers of the defects [23]). To calculate
the coordination number of each atom, we have set the
threshold of the bond length as 2.8 A˚.
In Figure 3, the T5 defects are dominant at every
volume. The number of T5 defects becomes drastically
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FIG. 3: (Color online.) Averaged number of each T5,
T3, and T4a defects per supercell.
larger at the smaller volumes, reaching up to ≃ 23, while
at V/Vc > 1 it is less than 3. In contrast, the number
of T3 tends to increase along with the volume, its maxi-
mum being less than 2. The number of T4a is compara-
ble to that of T3 defects, having its range within 0 and
2. We find that at V/Vc = 1.03, which is the closest to
the predicted volume ratio, 1.042, the number of T5 and
T4a defects takes the minimum, and the number of every
defect is less than 2, which is certainly close to that in
experiments. Thus, our approach has successfully repro-
duced these structural properties as well as the atomic
density.
Also, we point out that we have checked the validity of
employing 54-atom systems for this study, by confirming
that the total energy per cell and the defect densities are
consistent with those in a larger system. The details are
described in Supplemental Material.
Finally, we briefly report that we have examined the
validity of our method when employing a classical molec-
ular dynamics (MD) scheme for the generation of the
samples instead of the CPMD scheme (See Supplemen-
tal Material for the details of the calculations). Using
the Tersoff potential [31], we have generated 30 differ-
ent samples for each volume, taking advantage of its low
computational cost. The stable volume has been deter-
mined to be -0.8 % smaller than that of crystal, which is
close to the experimental difference (1.8 % of increase),
and the bulk modulus has also been found to the com-
parable to the experiments. We note, however, that the
total energy at the stable volume is larger by 3 eV/cell
than that has been obtained from the CPMD simula-
tions, which indicates that the structures generated by
CPMD simulations are energetically preferable.
Another important finding with the MD scheme is
that the distribution of the total energies of the sam-
ples is well fitted to the Gaussian distribution. Figure
4 explicitly shows the distribution at V/Vc = 0.86 with
the fitted Gaussian curve, each drawn in red and blue.
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FIG. 4: (Color online.) The distribution of the total
energy of the samples per supercell at V/Vc = 0.86
obtained from the MD simulations. The red curve is the
sum of all the 30 samples, each of which has been
smeared. The blue curve is the Gaussian function fitted
to the obtained data. The dashed line indicates the
averaged energy.
This certainly supports our underlying assumption, thus
strengthening the validity of our method.
To conclude, we have proposed a first-principles
method to predict densities of amorphous materials for
the first time and applied it to a-Si for its demonstration.
We have introduced an assumption that the canonical
distribution of amorphous materials is Gaussian distribu-
tion. Under this assumption, we have generated multiple
a-Si samples with several volumes, whose atomic configu-
rations are completely different from each other, and cal-
culated the average of their total energies at each volume.
The stable volume, and hence the density, has been deter-
mined to be the one that minimizes the averaged energy.
The determined density of a-Si has been lower than that
of crystal by 4.1 %, which is comparable to the experi-
mental one, 1.8 %. The results are physically meaningful
because not only the density but the bulk modulus also
decrease from the crystal, by 28 GPa, in the same man-
ner as in the experiment. In addition, we have found that
sampling through classical MD simulations also achieves
comparable results and that the distribution of the total
energies of the samples supports our assumption. This
consequence indicates that the proposed method is ap-
plicable to the computational studies of other types of
amorphous materials, such as those whose experimental
properties are yet to be identified.
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